
Pergamon 
/. Ap# Maths Mech& Vol. 61, No. 2, pp. 339-340,1997 

O 1997 Elsevier Science Ltd 
All rights reserved. Printed in Great Britain 

PII: S0021-8928(97)00043.9 0021-8928m $24.oo+o.oo 

THE SOLUTION OF THE SECOND FUNDAMENTAL 
PROBLEM OF THE THEORY OF ELASTICITY FOR A 

PLATE WITH A DOUBLY SYMMETRIC TWO-CUSP CUTt 

N. A. IVAN'SHIN and Ye. A. SHIROKOVA 
Kazan' 
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As an extension of a p:revious paper [1], devoted to solving the first fundamental and mixed problems for a plate with a doubly 
symmetric two-cusp cut, the second fundamental problem for a plate with the same cut is solved by the same method. © 1997 
Elsevier Science Ltd. All rights reserved. 

1. T H E  S O L U T I O N  P R O C E D U R E  

The second boundm'y-value problem for an unbounded region D consists of finding two functions that are analytic 
in D\{**} [2] 

a _ _  a t 

X +iY l nz+- -+  .... g ( z ) = F ' z ÷  × ( X - i Y )  l n z + m + . . .  (1.1) 
f ( z ) =  F z -  2re(! +~) z 2n(l +x)  z 

where F, I" and X 4- iY are the known constants. The boundal 7 condition has the form 

{ x f ( z ) -  z f ' ( z ) -  g(z)} Iz=z(t) = 21a(u( t ) + iv (t)) (1.2) 

where z = z(t), t e [0,/] is the equation of the boundary curve 0D. We will assume that u'(t) and v'(t) are H61der's 
functions. 

We will change to the function z(~), which conformally maps the region E -  = {~ = ~ + i~, [ ~ I > 1} into D with 
corresponding z(**) = ** and differentiate both sides of equality (1.2) with respect to t. We obtain the boundary 
condition 

{~O(~)z'(~) - z'(~) O(4) + z(4)~'(4)42 + tl'(4)z'(4)42 } I~=do = Q(0) (1.3) 

Q(O) = 2i~t[u'(t)- iv '(t)]lt=t(0) e iO I z '(e iO)l, 0 ~ [ -x ,n]  (1.4) 

where the functions cl~4 ) ffi f(z(4)) and ~(4) = g'(z(4)) are analytic in E-. 
If q(~) -- z-(4 - ' )  and r(4 ) = z-'(4 -1) are meromorphic in E-, we can restore the meromorphie functions 

Kj (4) = (-1)J xO(4)z'(4) - r(4)(I~(4 ) + q(~)(l)'(~)4 2 + tla(4)z'(~)~2, j = 1,2 (1.5) 

using the boundary values Re KI (0  (Re Q(0)) and Im K2 (4)(Ira Q(0)), (1.3) and (1.4). Further, 0(4  ) and ~P(/~) 
are restored by K)(~.,) (1.5). 

2. S O L U T I O N  O F  T H E  P R O B L E M  

The function 

.,.. i(b2~2+1). ~(b2-1) 
z ~ ) =  -e , b > l  

~(b 2 - 1) i(b2~ 2 + 1) 

maps E -  into D. Using Eq. (1.5), we obtain 

_ • ]- 
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x(X+iY)  2-~ ~- ib  _2"~ 4*ib _ 2 d  ~- ib  ~2_2-~( ~+ib ? 
n(l +x)4 l+ib; I-ib~ k l + i b ; J  ~ l - i b 4 }  

Requiring that ~(**) = F, we have 

b b b b 

By (1.5) 

~u(4) = [~2z'(~)]-I [K! (~ ) -  xO(4)z ' (~)  + r (4)~(4  ) - q(4)~ ' (~)~ 2 ] 

where the coefficients of (4 "4" i/7) -2 and (4 +/b)  -1 must vanish, which yields four equations 

D(b 2 - 1) -ieP(ib)b 2 / 2 = O, E(b 2 - 1) -iep(-ib)b 2 / 2 = 0 

B + 2ibD + bep(ib) = O, C -  2ibE- bO(-ib) = 0 

(2.2) 

(2.3) 

(2.4) 

(2.5) 

Using formula (2.2), we obtain from (2.3) and (2.5) a system of five equations in five unknown constants 

A 2i 2 i _  2 ~- 2 = 2xib2 F 1 
i - b-r:7_l 

--t'C 

D -  b~[ A - 2i5"C + 262ff? ] = b~R+ ( b ) 

E -  b~[A + 2i8"B + 282D] = bl3R (b) 

B + 2ibD + 2il3(1 - b 2 )[A - 2 i8~7" + 282 fiT] = -2i1~(1 - b 2 )R+ (b) 

C -  2ibE- 2i13(I - b 2 )[A + 2i8B + 282D] = 2il3(1 - b 2 )R_ (b) 

(2.6) 

Here 

b3(l +b2)2 8=  2b 
= 4x(b 4 +l)(b 4 +b 2 + 1)' b 2 +--"'~ 

2~:~-- +ib+ei° 2i (p_b2--:,)T. ~(X +Jr) 
R±(b) = Q(O)~dO b2(b2_1) nib(l+x) 

After determining the constants, the functions O(~) and tF(~) can be obtained from (2.2) and (2.4) respectively. 
Now we reconstruetf(z(~)) and g(z(;)) 

f(z(4)) = ~ ~(~)z'(~)d4 + f(z(1)), g(z(~)) = ~ ~'F(4)z'(~)d~ + g(z(1)) 
I I 

The function z(~) is the same as in (2.1), f(z(1)) and g(z( 1 )) are the quantifies that satisfy the equation 

×f(z( l ) ) -g(z( l ) )  = 211[U(to)+iu(to)]+ z(l)eP(l ) 

and to is the value of the initial parameter corresponding to the point z = z(1). 
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